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Abstract
Let Ω ⊂ RN be a bounded domain with Lipschitz boundary, a ∈ C(Ω¯) with a > 0 on Ω¯ . Let σ be
the restriction to ∂Ω of the (N − 1)-dimensional Hausdorff measure and let B : ∂Ω × R → [0,+∞]
be σ -measurable in the first variable and assume that for σ -a.e. x ∈ ∂Ω , B(x, ·) is a proper, convex,
lower semicontinuous functional. We prove in the first part that for every p ∈ (1,∞), the operator
Ap := div(a|∇u|p−2∇u) with nonlinear Wentzell–Robin type boundary conditions
Apu + b|∇u|p−2 ∂u
∂n
+ β(·, u)  0 on ∂Ω,
generates a nonlinear submarkovian C0-semigroup on suitable L2-space. Here n(x) denotes the unit outer
normal at x and for σ -a.e. x ∈ ∂Ω the maximal monotone graph β(x, ·) denotes the subdifferential ∂B(x, ·)
of the functional B(x, ·). We also assume that b ∈ L∞(∂Ω) and satisfies b(x)  b0 > 0 σ -a.e. on ∂Ω
for some constant b0. As a consequence we obtain that there exist consistence nonexpansive, nonlinear
semigroups on suitable Lq -spaces for all q ∈ [1,∞). In the second part we show some domination results.
© 2007 Elsevier Inc. All rights reserved.
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We are concerned with the quasilinear parabolic equation formally given by⎧⎪⎨
⎪⎩
∂u
∂t
(x, t)− Apu(x, t)  0 x ∈ Ω, t > 0,
Apu(x, t)+ b(x)|∇u(x, t)|p−2 ∂u∂n (x, t)+ β(x,u(x, t))  0 x ∈ ∂Ω, t > 0,
u(0, x) = u0(x) x ∈ Ω¯,
(1)
where Ω ⊂RN is a bounded domain with Lipschitz boundary, the operator Ap is formally given
by Apu := div(a|∇u|p−2∇u), 1 < p < ∞, b ∈ L∞(∂Ω), ∂u∂n denotes the normal derivative in
direction of the outer normal vector n. For σ -a.e. x ∈ ∂Ω , the maximal monotone graph β(x, ·) is
the subdifferential ∂B(x, ·) of a proper, convex, lower semicontinuous functional B(x, ·), where
B is defined from ∂Ω ×R into [0,+∞]. Here σ denotes the restriction to ∂Ω of the (N − 1)-
dimensional Hausdorff measure which coincides with the usual Lebesgue surface measure as
Ω has a Lipschitz boundary. The conditions on the boundary ∂Ω of Ω in Eq. (1) are called
nonlinear Wentzell–Robin type boundary conditions. For more details and the physical means of
this type of boundary conditions we refer to the recently published paper by G.R. Goldstein [13].
The aim of the present paper is to prove global existence, uniqueness and the dependence in β of
solutions of Eq. (1) on suitable Lq -spaces.
The heat equation with linear Wentzell–Robin type boundary conditions (i.e. p = 2 and
β(x, ·) is linear) has been intensively studied on Lq -spaces (see e.g. [11] and [21]) and on
spaces of continuous functions (see e.g. [9,11] and [20]) where the authors have shown gener-
ation of holomorphic C0-semigroups and some regularity results. Generation of C0-semigroups
on L2(Ω) of the p-Laplacian with Dirichlet, Neumann and Robin boundary conditions has been
studied by Lions [15] by using the method of nonlinear forms. More general nonlinear oper-
ators have been considered by G.R. Goldstein and J.A. Goldstein [14]. Recently, Cipriani and
Grillo ([7,8] and [6]) have considered the p-Laplacian with Dirichlet boundary conditions on
Lq -spaces. By using the method of nonlinear Dirichlet forms, they have shown generation of
C0-semigroups and obtained some ultracontractivity properties of the associated semigroups.
For p = 2 and Ω ⊂RN a bounded open set of class C2, Eq. (1) has been investigated by Favini
et al. [12]. By using a direct energy method, they have proved that a realization of the operator A2
with nonlinear Wentzell–Robin boundary conditions generates a nonlinear, contractive strongly
continuous semigroup on the Hilbert space L2(Ω) × L2(∂Ω, a
b
dσ ). They have also obtained
some beautiful ultracontractivity results for the associated semigroup and shown generation of
nonlinear C0-semigroups on the space of continuous functions. The one-dimensional case on the
space of continuous functions has been also investigated by the same authors in [10].
In this article, we consider the case 1 < p < ∞, that is a nonlinear operator with nonlinear
boundary conditions and we only assume that Ω ⊂ RN is a bounded domain with Lipschitz
boundary. Here we let b and B : ∂Ω ×R→ [0,+∞] satisfy the following conditions:
(H)
⎧⎪⎪⎨
⎪⎪⎩
b ∈ L∞(∂Ω) b(x) b0 > 0 for some constant b0;
B(·, t) is σ -measurable for all t ∈R;
B(x, ·) is convex and lower semicontinuous for σ -a.e. x ∈ ∂Ω;
B(x,0) = 0 for σ -a.e. x ∈ ∂Ω.
For simplicity, we assume that a ∈ C(Ω¯) with a(x) > 0 for all x ∈ Ω¯ .
It follows from the last three assumptions in (H) that, for σ -a.e. x ∈ ∂Ω , the subdifferential
∂B(x, ·) := β(x, ·) of the proper, convex, lower semicontinuous functional B(x, ·) is a maximal
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to show that under assumptions (H) the initial boundary value problem (1) is well-posed in
Lq(Ω) ×Lq(∂Ω, a
b
dσ ), 1 q < ∞.
The paper is organized as follows. In Section 2, we recall some well-known results on nonlin-
ear semigroups and we prove some intermediate results as they are needed throughout the paper.
In Section 3, we prove in the first part that for every p ∈ (1,∞), a realization of the operator Ap
with nonlinear Wentzell–Robin type boundary conditions generates a nonlinear semigroup on
L2(Ω) × L2(∂Ω, a
b
dσ ) which is strongly continuous if B(·, t) ∈ L1(∂Ω,dσ) for every t ∈ R.
This shows that the first order Cauchy problem (1) is well-posed. In the second part, we show
that this nonlinear C0-semigroup is submarkovian and hence, can be extended to consistence,
nonexpansive, nonlinear strongly continuous semigroups on Lq(Ω) × Lq(∂Ω, a
b
dσ ) for every
1 q < ∞. In Section 4, we prove some domination results, that is we show the dependence in
B of the associated semigroup.
2. Preliminaries and intermediate results
In this section, we put together some well-known abstract results on nonlinear semigroups
and we establish some intermediate results as they are needed to prove our main results. For
more details on maximal monotone operators and nonlinear semigroups we refer to [2,4,5,17,18]
and [19].
Let H be a Hilbert space and let ϕ :H → (−∞,+∞] be a proper, convex, lower semicontin-
uous functional with effective domain
D(ϕ) := {u ∈ H : ϕ(u) < ∞}.
Then, it is clear that D(ϕ) is a convex subset of H . The subdifferential ∂ϕ of the functional ϕ is
defined by{
D(∂ϕ) := {u ∈ D(ϕ): ∃w ∈ H ∀v ∈ H : ϕ(v)− ϕ(u) (w,v − u)H },
∂ϕ(u) := {w ∈ H : ∀v ∈ H : ϕ(v)− ϕ(u) (w,v − u)H },
where (·,·)H denotes the scalar product in the Hilbert space H .
The following classical theorem due to Minty [17] (see also [4] and [18]) shows that for a
proper, convex, lower semicontinuous functional ϕ, the first order Cauchy problem on a Hilbert
space H associated with the subdifferential ∂ϕ is well-posed.
Theorem 2.1. The subdifferential ∂ϕ is a maximal monotone operator. Moreover, D(ϕ) =
D(∂ϕ). The subdifferential ∂ϕ generates a (nonlinear) strongly continuous semigroup (S(t))t0
on D(ϕ) in the following sense: for every u0 ∈ D(ϕ), the function u = S(·)u0 is the unique strong
solution of the problem⎧⎪⎨
⎪⎩
u ∈ C(R+;H)∩W 1,∞loc ((0,∞);H) and u(t) ∈ D(∂ϕ) a.e.,
∂u
∂t
+ ∂ϕ(u)  0 a.e. on R+,
u(0, x) = u0(x).
(2)
The subdifferential ∂ϕ generates a (nonlinear) semigroup (S˜(t))t0 on H , where for every t  0,
S˜(t) is the composition of the semigroup S(t) on D(ϕ) with the projection on the convex set D(ϕ).
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ates a (nonlinear) semigroup (S(t))t0 on H and we will precise if this semigroup is strongly
continuous on H or not.
Next, let S = (S(t))t0 be a (nonlinear) semigroup on a Hilbert lattice H with ordering .
Definition 2.2. We say that the semigroup S is order preserving, if
S(t)u S(t)v for all t  0 whenever u,v ∈ H, u v. (3)
Note that if S is a linear semigroup, then (3) means that S is positive.
An analogue to the classical (linear) first Beurling–Deny criterion, the following abstract re-
sult is contained in [1, Théorème 2.1] (see also [8, Theorem 3.6]).
Proposition 2.3. Let ϕ :H → (−∞,+∞] be a proper, convex, lower semicontinuous functional
on a Hilbert lattice H . Let S = (S(t))t0 be the (nonlinear) semigroup on H generated by the
subdifferential ∂ϕ. Then the following assertions are equivalent.
(i) The semigroup S is order preserving.
(ii) For all u,v ∈ H one has
ϕ
(
1
2
(u+ u∧ v)
)
+ ϕ
(
1
2
(v + u∨ v)
)
 ϕ(u) + ϕ(v). (4)
Definition 2.4. Let H := L2(X,μ), where X is a locally compact metric space and μ is a Radon
measure on X. Then, we say that the semigroup S is submarkovian if it is order preserving, and
it satisfies∥∥S(t)u− S(t)v∥∥∞  ‖u− v‖∞ ∀t  0, ∀u,v ∈ L2(X,μ) ∩L∞(X,μ). (5)
If S is a linear semigroup, then (5) means that S is L∞-contractive.
The nonlinear submarkovian property is characterized by the following result which is con-
tained in [8, Theorem 3.6].
Theorem 2.5. Let ϕ :L2(X,μ) → (−∞,+∞] be a proper, convex, lower semicontinuous func-
tional. Let S = (S(t))t0 be the (nonlinear) semigroup on L2(X,μ) generated by the subdiffer-
ential ∂ϕ. Assume that S is order preserving. Then, the following assertions are equivalent.
(i) The semigroup S is submarkovian.
(ii) For all u,v ∈ L2(X,μ) and for all α > 0, one has
ϕ
(
v + gα(u, v)
)+ ϕ(u− gα(u, v)) ϕ(u)+ ϕ(v), (6)
where
gα(u, v) := 12
[
(u− v + α)+ − (u− v − α)−
]
.
Throughout the remaining of this section, H denotes a Hilbert lattice with ordering  and
H+ := {u ∈ H : u 0}
denotes the positive cone in H .
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Hilbert lattice H . We say that S1 is dominated by S2, and we write
S1  S2,
if for all u ∈ H and all t  0 one has∣∣S1(t)u∣∣ S2(t)|u|.
We consider in the product space H ×H the closed convex set
C := {(u, v) ∈ H × H+: |u| v}.
Let PC be the Hilbert projection in H × H onto C. In H × H = R2, this projection takes the
form
PC(u, v) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(u, v) if |u| v,
(0,0) if |u|−v,
( 12 (u+ v), 12 (u + v)) if u |v|,
( 12 (u− v), 12 (v − u)) if u−|v|.
In H = L2(X,μ), the above projection is applied pointwise to any pair (u, v) of functions u,
v ∈ L2(X,μ).
Remark 2.7. By [1] (see also [8]), if S1 and S2 are two (nonlinear) semigroups on H , then S1 is
dominated by S2 if and only if the product semigroup S on H × H defined for (u, v) ∈ H × H
by
S(t)(u, v) := (S1(t)u,S2(t)v) (7)
for all t  0, leaves the closed convex set C invariant.
For semigroups generated by subdifferentials of proper, convex, lower semicontinuous func-
tionals, the following result gives a characterization of the domination in terms of the functionals.
Theorem 2.8. Let ϕ1, ϕ2: H → (−∞,+∞] be two proper, convex, lower semicontinuous func-
tionals on a Hilbert lattice H . Let (S1(t))t0 and (S2(t))t0 be the (nonlinear) semigroups on H
generated respectively by the subdifferentials ∂ϕ1 and ∂ϕ2. Assume that S2 is order preserving.
Then the following assertions are equivalent.
(i) The semigroup S1 is dominated by the semigroup S2, i.e.
S1  S2.
(ii) For all (u, v) ∈ D(ϕ1)×D(ϕ2) one has PC(u, v) ∈ D(ϕ1)×D(ϕ2) and
(ϕ1 ⊗ ϕ2)
(
PC(u, v)
)
 ϕ1(u)+ ϕ2(v),
where for (u, v) ∈ D(ϕ1)× D(ϕ2),
(ϕ1 ⊗ ϕ2)(u, v) := ϕ1(u)+ ϕ2(v).
(iii) For all (u, v) ∈ H ×H+ such that |u| v and for all t  0 one has∣∣S1(t)u∣∣ S2(t)v. (8)
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1
2 (v + |u| ∨ v) ∈ D(ϕ2) and
ϕ1
(
1
2
(
u+ (|u| ∧ v) · signu))+ ϕ2
(
1
2
(
v + |u| ∨ v)) ϕ1(u) + ϕ2(v). (9)
Proof. (i) ⇔ (ii). This part is contained in [1, Proposition 3.5] (see also [8, Theorem 6.1]).
(i) ⇒ (iii). Let (u, v) ∈ H ×H+ be such that |u| v. It follows from (i) that for all t  0 one
has |S1(t)u| S2(t)|u|. This inequality implies that∣∣S1(t)u∣∣ S2(t)|u| S2(t)v
where we have used the fact that S2 is order preserving.
(iii) ⇒ (i). Let u ∈ H . If we replace v by |u| in (8) we obtain (i).
(iii) ⇔ (iv). Let S be the product semigroup on H ×H defined in (7). Then S is generated by
the subdifferential ∂(ϕ1 ⊗ ϕ2) of the proper, convex, lower semicontinuous functional ϕ1 ⊗ ϕ2
defined on H × H by (ϕ1 ⊗ ϕ2)(u, v) := ϕ1(u) + ϕ2(v) and with effective domain D(ϕ1) ×
D(ϕ2). By Remark 2.7, the assertion (iii) is equivalent to the fact that the semigroup S leaves to
closed convex set C := {(u, v) ∈ H × H+: |u|  v} invariant. Let (u, v) ∈ H × H+. Then, the
projection PC of (u, v) onto C is given by
PC(u, v) =
(
1
2
(
u+ (|u| ∧ v) · signu), 1
2
(
v + |u| ∨ v)). (10)
By (ii), S leaves the closed convex set C invariant if and only if for all (u, v) ∈ D(ϕ1)× (D(ϕ2)∩
H+) one has PC(u, v) ∈ D(ϕ1) ×D(ϕ2) and
(ϕ1 ⊗ ϕ2)
(
PC(u, v)
)
 ϕ1(u) + ϕ2(v). (11)
If we substitute (10) into (11), we obtain (9) and the proof is complete. 
3. Generation results
Throughout this section, Ω ⊂ RN denotes a bounded domain with Lipschitz boundary,
B : ∂Ω × R → [0,+∞] and b satisfy the assumptions in (H) and a ∈ C(Ω¯) with a(x) > 0
for all x ∈ Ω¯ . Let 1 q < ∞ and Lq(Ω)×Lq(∂Ω, a
b
dσ ) be the vector space endowed with the
norm ‖| · |‖q defined through∣∣∣∣∣∣(u,w)∣∣∣∣∣∣q
q
:=
∫
Ω
|u|q dx +
∫
∂Ω
|w|q a
b
dσ.
Then Lq(Ω) × Lq(∂Ω, a
b
dσ ) is a Banach space and can be identified with Lq(Y, dν) for a
suitable finite measure space (Y,Σ,ν) such that L∞(Y, dν) can be identified with L∞(Ω) ×
L∞(∂Ω, a
b
dσ ) with the norm∣∣∣∣∣∣(u,w)∣∣∣∣∣∣∞:= max{‖u‖L∞(Ω),‖w‖L∞(∂Ω, ab dσ )} (12)
for each (u,w) ∈ L∞(Ω) × L∞(∂Ω, a
b
dσ ). Identifying u ∈ C(Ω¯) with U = (u|Ω,u|∂Ω), we
have that for 1  q < ∞, the space Lq(Ω) × Lq(∂Ω, a
b
dσ ) contains C(Ω¯) as a dense sub-
space. Note that for every 1  q ∞ the space Lq(∂Ω, a
b
dσ ) is isomorphic to Lq(∂Ω) :=
Lq(∂Ω,dσ) with an equivalent norm (since a ∈ C(Ω¯) with a > 0 on Ω¯ and b ∈ L∞(∂Ω) satis-
fies b(x) b0 > 0 for σ a.e. x ∈ ∂Ω).
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b
dσ .
Let 1 < p < ∞ and let W 1,p(Ω) be the first order Sobolev space, that is
W 1,p(Ω) = {u ∈ Lp(Ω): ∇u ∈ (Lp(Ω))N}.
Since Ω has a Lipschitz boundary, it is well known (see [16, Theorem, p. 210]) that each function
u ∈ W 1,p(Ω) has a trace u|∂Ω which belongs to W 1−
1
p
,p
(∂Ω), where
W
1− 1
p
,p
(∂Ω) :=
{
u ∈ Lp(∂Ω):
∫
∂Ω×∂Ω
|u(x) − u(y)|p
|x − y|N+p−2 dσ(x)dσ (y) < ∞
}
.
Moreover, the application trace initially defined from C1(Ω¯) into W 1−
1
p
,p
(∂Ω) has a continuous
extension from W 1,p(Ω) into W 1−
1
p
,p
(∂Ω). Hence, identifying each u ∈ W 1,p(Ω) with U :=
(u|Ω,u|∂Ω), we have that for every 1 < p < ∞, W 1,p(Ω) is a dense subspace of Lp(Ω) ×
Lp(∂Ω) and hence, of Lp(Ω)×Lp(∂Ω,dμ). We denote by W 1,p0 (Ω) the closure of D(Ω) (the
space of test functions on Ω) in W 1,p(Ω).
Let 1 < p < ∞ be fixed. We define a functional ϕp,B :L2(Ω) × L2(∂Ω,dμ) → [0,+∞] as
follows: we let
ϕp,B(u,w)
:=
{ 1
p
∫
Ω
a|∇u|p dx + ∫
∂Ω
B(x,u)dμ if (u,w) = (u,u|∂Ω) ∈ D(ϕp,B),
+∞ if (u,w) ∈ (L2(Ω) ×L2(∂Ω,dμ)) \D(ϕp,B)
(13)
where the effective domain
D(ϕp,B) :=
{
(u,u|∂Ω), u ∈ W 1,p(Ω)∩ L2(Ω), u|∂Ω ∈ L2(∂Ω),
∫
∂Ω
B(x,u)dσ < ∞
}
.
It is clear that D(ϕp,B) is a convex subset of L2(Ω)×L2(∂Ω,dμ) and containsD(Ω) (since
B(x,0) = 0).
Note that, we do not know if D(ϕp,B) is always a vector space. Since we do not need this
property, we will not go into details.
We have the following result.
Theorem 3.1. Let B : ∂Ω × R→ [0,+∞] and b satisfy the assumptions in (H) and let 1 <
p < ∞. Then the functional ϕp,B defined in (13) is a proper, convex, lower semicontinuous
functional on the Hilbert lattice L2(Ω)× L2(∂Ω,dμ).
Proof. Let 1 < p < ∞ be fixed.
(a) It is clear that ϕp,B is proper (since D(Ω) ⊂ D(ϕp,B)) and convex.
(b) We show that ϕp,B is lower semicontinuous.
Let (un,un|∂Ω) ∈ D(ϕp,B) be a sequence which converges to a function (u,w) ∈ L2(Ω) ×
L2(∂Ω), that is, un converges to u in L2(Ω) and un|∂Ω converges to w in L2(∂Ω). If
lim infϕp,B(un,un|∂Ω) = +∞,
n→∞
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lim inf
n→∞
(
1
p
∫
Ω
a|∇un|p dx +
∫
∂Ω
B(x,un) dμ
)
= lim inf
n→∞ ϕp,B(un,un|∂Ω) < ∞.
Take any subsequence of un which we also denote by un, such that
lim
n→∞ϕp,B(un,un|∂Ω) = const.
Then {∇un} is a bounded sequence in (Lp(Ω))N . By uniform convexity of Lp(Ω), then possibly
by passing to a subsequence, we may assume that {∇un} converges weakly in (Lp(Ω))N to an
element W .
(i) Case 1 < p < 2.
• Since the injection of L2(Ω) into Lp(Ω) is continuous and un converges to u in L2(Ω), it
follows that un converges to u in Lp(Ω) as well. Since ∇ is a closed operator on Lp(Ω),
we have that W = ∇u.
• Since L2(∂Ω) is continuously embedded into Lp(∂Ω) and as un|∂Ω converges to w in
L2(∂Ω), we have that un|∂Ω converges to w in Lp(∂Ω) as well. As the trace operator
is continuous from W 1,p(Ω) into W 1−
1
p
,p
(∂Ω), and since W 1−
1
p
,p
(∂Ω) is continuously
embedded into Lp(∂Ω), and un converges weakly to u ∈ W 1,p(Ω), we have that un|∂Ω
also converges weakly to u|∂Ω in Lp(∂Ω). By uniqueness of the limit, we obtain that
u|∂Ω = w σ -a.e.
(ii) Case 2 p < ∞.
• Since the injection of Lp(Ω) into L2(Ω) is continuous, it follows that {∇un} also con-
verges weakly to W in (L2(Ω))N . Hence, W = ∇u, where we have used the fact that ∇
is a closed operator on L2(Ω).
• The space Lp(∂Ω) is continuously embedded into L2(∂Ω) and the trace operator is con-
tinuous from W 1,p(Ω) into W 1,1−
1
p (∂Ω). Since W 1−
1
p
,p
(∂Ω) is continuously embedded
into L2(∂Ω) and un converges weakly to u ∈ W 1,p(Ω), we have that un|∂Ω converges
weakly to u|∂Ω in L2(∂Ω) as well. By uniqueness of the limit, we obtain that u|∂Ω = w
σ -a.e.
Using the fact that the norm function in any Banach space is weak lower semicontinuous, we
obtain that for every 1 < p < ∞,∫
Ω
a|∇u|p dx  lim inf
n→∞
∫
Ω
a|∇un|p dx. (14)
Since B(x, ·) is lower semicontinuous and un|∂Ω converges to u|∂Ω σ -a.e., it follows that
B(x,u) lim infn→∞ B(x,un). By Fatou’s Lemma, we have that∫
∂Ω
B(x,u)dμ
∫
∂Ω
lim inf
n→∞ B(x,un) dμ lim infn→∞
∫
∂Ω
B(x,un) dμ. (15)
Combining (14) and (15), we obtain that∫
a|∇u|p dx +
∫
B(x,u)dμ lim inf
n→∞
∫
a|∇un|p dx + lim inf
n→∞
∫
B(x,un) dμ.Ω ∂Ω Ω ∂Ω
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ϕp,B(u,u|∂Ω) lim inf
n→∞ ϕp,B(un,un|∂Ω)
and the proof is complete. 
In the following remark, we compute the subdifferential ∂ϕp,B .
Remark 3.2. Let 1 < p < ∞ be fixed and let ∂ϕp,B be the subdifferential associated with the
proper, convex, lower semicontinuous functional ϕp,B . Let (u,u|∂Ω) ∈ D(ϕp,B) and (f, g) ∈
∂ϕp,B(u,u|∂Ω). Then, f ∈ L2(Ω),g ∈ L2(∂Ω,dμ) and for all (v, v|∂Ω) ∈ D(ϕp,B) one has∫
Ω
f (v − u)dx +
∫
∂Ω
g(v − u)dμ 1
p
∫
Ω
a
(|∇v|p − |∇u|p)dx
+
∫
∂Ω
(
B(x, v) −B(x,u))dμ. (16)
If we substitute v by sψ + u in (16), where (ψ,ψ |∂Ω) ∈ D(ϕp,B) and 0 < s  1, and if we take
the limit as s ↓ 0+, we obtain that∫
Ω
fψ dx +
∫
∂Ω
gψ dμ 1
p
∫
Ω
lim
s↓0+
a
( |∇(sψ + u)|p − |∇u|p
s
)
dx
+
∫
∂Ω
lim
s↓0+
(
B(x, sψ + u)−B(x,u)
s
)
dμ.
Taking ψ ∈ D(Ω), we obtain that f = Apu in D(Ω)∗. A classical partial integration gives
that g = −b|∇u|p−2 ∂u
∂ν
− β(·, u), where for σ -a.e. x ∈ ∂Ω , the graph β(x, ·) denotes the sub-
differential of the proper, convex, lower semicontinuous functional B(x, ·). Hence, for every
(u,u|∂Ω) ∈ D(∂ϕp,B) one has
∂ϕp,B(u,u|∂Ω) =
{(
Apu,−b|∇u|p−2 ∂u
∂ν
− β(·, u)
)}
.
Finally, if f has a trace and g is its trace, i.e. (f, g) = (f,f |∂Ω), we obtain that Apu 
−b|∇u|p−2 ∂u
∂ν
− β(·, u) on the boundary ∂Ω which gives the boundary conditions
Apu+ b|∇u|p−2 ∂u
∂ν
+ β(·, u)  0 on ∂Ω.
This shows that ∂ϕp,B coincides with the realization of the operator Ap with nonlinear Wentzell–
Robin type boundary conditions.
We have the following result as a corollary of the preceding theorem.
Corollary 3.3. Let B : ∂Ω × R → [0,+∞] and b satisfy the assumptions in (H). Then for
every 1 < p < ∞, the subdifferential ∂ϕp,B generates a nonlinear semigroup (Sp,B(t))t0 on
L2(Ω) × L2(∂Ω,dμ). If B(·, t) ∈ L1(∂Ω) for all t ∈ R, then the semigroup (Sp,B(t))t0 is
strongly continuous on L2(Ω)× L2(∂Ω,dμ).
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• Since ϕp,B is a proper, convex lower semicontinuous functional on the Hilbert space
L2(Ω) × L2(∂Ω,dμ), it follows from Theorem 2.1 that ∂ϕp,B generates a nonlinear semi-
group (Sp,B(t))t0 on L2(Ω)× L2(∂Ω,dμ).
• Assume that B(·, t) ∈ L1(∂Ω) for all t ∈ R. To show that the semigroup is strongly con-
tinuous on L2(Ω) × L2(∂Ω,dμ), we have to prove that D(ϕp,B) is dense in L2(Ω) ×
L2(∂Ω,dμ). Since B(·, t) ∈ L1(∂Ω) for all t ∈R, it follows that the set F defined by
F := {U := (u,u|∂Ω): u ∈ C1(Ω¯)}
is contained in D(ϕp,B). Since F is dense in L2(Ω) × L2(∂Ω,dμ), we have that D(ϕp,B)
is also dense in L2(Ω) ×L2(∂Ω,dμ) and the proof is complete. 
Next, we give some properties of the nonlinear semigroup (Sp,B(t))t0.
Theorem 3.4. Let B : ∂Ω ×R→ [0,+∞] and b satisfy the assumptions in (H). Then, for every
1 < p < ∞, the semigroup Sp,B = (Sp,B(t))t0 is submarkovian in the sense that for all t  0
and for all (u,w1), (v,w2) ∈ L∞(Ω) ×L∞(∂Ω,dμ), one has∣∣∣∣∣∣Sp,B(t)(u,w1)− Sp,B(t)(v,w2)∣∣∣∣∣∣∞  ∣∣∣∣∣∣(u− v,w1 −w2)∣∣∣∣∣∣∞,
where ‖|(u,w)|‖∞ has been defined in (12).
Proof. Let 1 < p < ∞ be fixed.
(a) First, we show that Sp,B is order preserving. It suffices to verify the condition (4) in
Proposition 2.3. Let (u,w1), (v,w2) ∈ L2(Ω) × L2(∂Ω,dμ). If (u,w1) or (v,w2) does not
belong to D(ϕp,B), there is nothing to prove. Therefore, we may assume that (u,w1), (v,w2) ∈
D(ϕp,B). This shows that w1 = u|∂Ω and w2 = v|∂Ω . Let
g(u, v) := 1
2
(u+ u∧ v) and h(u, v) := 1
2
(v + u∨ v).
Then,
ϕp,B
(
g(u, v), g(u, v)|∂Ω
) := 1
p
∫
Ω
a
∣∣∇g(u, v)∣∣p + ∫
∂Ω
B
(
x,g(u, v)|∂Ω
)
dμ
= 1
p
∫
{uv}
a|∇u|p dx +
∫
{uv}
B(x,u)dμ
+ 1
p
∫
{u>v}
a
∣∣∣∣∇ 12 (u+ v)
∣∣∣∣
p
dx +
∫
{u>v}
B
(
x,
1
2
(u + v)
)
dμ
(17)
and
ϕp,B
(
h(u, v),h(u, v)|∂Ω
) := 1
p
∫
a
∣∣∇h(u, v)∣∣p + ∫ B(x,h(u, v)|∂Ω)dμΩ ∂Ω
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p
∫
{uv}
a|∇v|p dx +
∫
{uv}
B(x, v) dμ
+ 1
p
∫
{u>v}
a
∣∣∣∣∇ 12 (u+ v)
∣∣∣∣
p
dx +
∫
{u>v}
B
(
x,
1
2
(u+ v)
)
dμ.
(18)
Since for σ -a.e. x ∈ ∂Ω the functional B(x, ·) is convex and the functional
u →
∫
A
a|∇u|p dx
is convex for every measurable set A ⊂ Ω , it follows from (17) and (18) that
ϕp,B
(
g(u, v), g(u, v)|∂Ω
)+ ϕp,B(h(u, v),h(u, v)|∂Ω)ϕp,B(u,u|∂Ω)+ ϕp,B(v, v|∂Ω).
By Proposition 2.3, the semigroup Sp,B is order preserving.
(b) Next, we show that ϕp,B verifies the condition (6) in Theorem 2.5. For α > 0 and (u, v) ∈
L2(Ω)× L2(Ω), we let
gα(u, v) := 12
[
(u− v + α)+ − (u− v − α)−
]
.
Let (u,w1), (v,w2) ∈ L2(Ω) × L2(∂Ω,dμ). If (u,w1) or (v,w2) does not belong to D(ϕp,B),
there is nothing to prove. Let (u,w1), (v,w2) ∈ D(ϕp,B). Then, w1 = u|∂Ω and w2 = v|∂Ω .
• We first investigate the terms involving gradients. We have∫
Ω
a
∣∣∇(v + gα(u, v))∣∣p dx =
∫
{|u−v|α}
a|∇u|p dx +
∫
{u−v<−α}
a
∣∣∣∣∇ 12 (u+ v)
∣∣∣∣
p
dx
+
∫
{u−v>α}
a
∣∣∣∣∇ 12 (u+ v)
∣∣∣∣
p
dx (19)
and ∫
Ω
a
∣∣∇(u− gα(u, v))∣∣p dx =
∫
{|u−v|α}
a|∇v|p dx +
∫
{u−v<−α}
a
∣∣∣∣∇ 12 (u+ v)
∣∣∣∣
p
dx
+
∫
{u−v>α}
a
∣∣∣∣∇ 12 (u+ v)
∣∣∣∣
p
dx. (20)
Combining (19) and (20) and using again the fact that the functional
u →
∫
A
a|∇u|p dx
is convex for every measurable set A ⊂ Ω , we obtain that∫
Ω
a
∣∣∇(v + gα(u, v))∣∣p dx +
∫
Ω
a
∣∣∇(u− gα(u, v))∣∣p dx 
∫
Ω
a|∇u|p +
∫
Ω
a|∇v|p.
(21)
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λ := χ{u =v} gα(u, v)
u− v .
Calculating, we have that λ ∈ [0,1]. Moreover,
u− gα(u, v) = λv + (1 − λ)u
and
v + gα(u, v) = λu+ (1 − λ)v.
Therefore, using the convexity of B(x, ·), we obtain the following estimates:∫
∂Ω
B
(
x,u− gα(u, v)
)
dμ =
∫
∂Ω
B
(
x,λv + (1 − λ)u)dμ

∫
∂Ω
λB(x, v) dμ+
∫
∂Ω
(1 − λ)B(x,u)dμ (22)
and ∫
∂Ω
B
(
x, v + gα(u, v)
)
dμ =
∫
∂Ω
B
(
x,λu+ (1 − λ)v)dμ

∫
∂Ω
λB(x,u)dμ+
∫
∂Ω
(1 − λ)B(x, v) dμ. (23)
Combining (22) and (23) we obtain that∫
∂Ω
B
(
x,u− gα(u, v)
)
dμ+
∫
∂Ω
B
(
x, v + gα(u, v)
)
dμ

∫
∂Ω
B(x,u)dμ +
∫
∂Ω
B(x, v) dμ. (24)
Finally, it follows from (21) and (24) that for all (u,u|∂Ω), (v, v|∂Ω) ∈ D(ϕp,B) one has
ϕp,B
(
v + gα(u, v),
(
v + gα(u, v)
)∣∣
∂Ω
)+ ϕp,B(u− gα(u, v), (u− gα(u, v))∣∣∂Ω)
 ϕp,B(u,u|∂Ω)+ ϕp,B(v, v|∂Ω). (25)
Since Sp,B is order preserving, by Theorem 2.5, the inequality (25) implies that the (nonlinear)
semigroup Sp,B is submarkovian. 
Remark 3.5. Assuming that B(·, t) ∈ L1(∂Ω) for every t ∈ R, we have the following. Since
for every 1 < p < ∞ the functional ϕp,B is nonnegative and the strongly continuous (nonlinear)
semigroup Sp,B is submarkovian, it follows from [8, Theorem 2.4] that Sp,B can be extended to a
strongly continuous, nonexpansive semigroup on Lq(Ω)×Lq(∂Ω,dμ) for every q ∈ [2,∞) and
to a nonexpansive semigroup on L∞(Ω) × L∞(∂Ω,dμ), and each of such semigroups is order
preserving. Using the duality argument given in [3, p. 21], we obtain that Sp,B can be extended to
a strongly continuous, nonexpansive and order preserving semigroup on Lq(Ω) × Lq(∂Ω,dμ)
for every q ∈ [1,2).
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t ∈R \ {0}. In that case, since by definition∫
∂Ω
B(x,u)dμ :=
∫
∂Ω
B(x,u)
a
b
dσ < ∞ for every (u,u|∂Ω) ∈ D(ϕp,B),
one has that every function (u,u|∂Ω) ∈ D(ϕp,B) satisfies u|∂Ω = 0 σ -a.e. on ∂Ω .
Proposition 3.6. Let 1 < p < ∞ and let ϕp,∞ be the proper, convex lower semicontinuous func-
tional on L2(Ω) ×L2(∂Ω,dμ) with effective domain
D(ϕp,∞) :=
{
(u,0): u ∈ W 1,p0 (Ω)∩L2(Ω)
}
and defined by
ϕp,∞(u,w) :=
{ 1
p
∫
Ω
a|∇u|p dx if (u,w) = (u,0) ∈ D(ϕp,∞),
+∞ if (u,w) ∈ (L2(Ω)× L2(∂Ω,dμ)) \D(ϕp,∞).
Let ∂ϕp,∞ be the subdifferential associated with ϕp,∞. Then for every 1 < p < ∞, the subdiffer-
ential ∂ϕp,∞ generates a nonlinear semigroup Sp,∞ = (Sp,∞(t))t0 on L2(Ω) × L2(∂Ω,dμ).
The semigroup is strongly continuous on L2(Ω)× {0}.
Proof. Since ϕp,∞ is a proper, convex lower semicontinuous functional on the Hilbert space
L2(Ω)×L2(∂Ω,dμ), it follows from Theorem 2.1 that ∂ϕp,∞ generates a nonlinear semigroup
(Sp,∞(t))t0 on L2(Ω) × L2(∂Ω,dμ). By Theorem 2.1, the semigroup is strongly continuous
on the closure of D(ϕp,∞) in L2(Ω) × L2(∂Ω,dμ). Since {(u,0): u ∈ D(Ω)} ⊂ D(ϕp,∞) ⊂
L2(Ω)× {0}, it follows that
D(ϕp,∞)L
2(Ω)×L2(∂Ω,dμ) = L2(Ω)× {0}. 
4. Domination results
In this section, we discuss how the semigroup Sp,B depends on B . We show that for every
proper, convex, lower semicontinuous functional B satisfying the assumptions in (H), the asso-
ciated semigroup Sp,B is dominated by the semigroup Sp,0 associated with the functional ϕp,0,
that is B ≡ 0. More precisely, we have the following first domination result.
Theorem 4.1. Let B : ∂Ω × R→ [0,+∞] and b satisfy the assumptions in (H) and let 1 <
p < ∞ be fixed. Then
Sp,∞  Sp,B  Sp,0,
where Sp,0 is the strongly continuous semigroup on L2(Ω) × L2(∂Ω,dμ) generated by the
subdifferential ∂ϕp,0 associated with the proper, convex, lower semicontinuous functional ϕp,0
on L2(Ω) ×L2(∂Ω,dμ) with effective domain
D(ϕp,0) :=
{
(u,u|∂Ω): u ∈ W 1,p(Ω)∩L2(Ω), u|∂Ω ∈ L2(∂Ω)
}
and defined by
ϕp,0(u,w) :=
{
1
p
∫
Ω
|∇u|p dx if (u,w) = (u,u|∂Ω) ∈ D(ϕp,0),
+∞ if (u,w) ∈ (L2(Ω) ×L2(∂Ω,dσ)) \D(ϕp,0).
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L2(∂Ω,dμ) and we denote by H+ the positive cone in H, that is,
H+ =
{
(u,w) ∈ L2(Ω) ×L2(∂Ω,dμ): u 0, w  0}.
For u,v ∈ L2(Ω) we set
g(u, v) := 1
2
(
u+ (|u| ∧ v) · signu) and h(u, v) := 1
2
(
v + |u| ∨ v).
Let 1 < p < ∞. Then for all u,v ∈ W 1,p(Ω), one has g(u, v),h(u, v) ∈ W 1,p(Ω).
(a) We show that Sp,∞  Sp,B .
Let (u,u|∂Ω) = (u,0) ∈ D(ϕp,∞) and let (v, v|∂Ω) ∈ D(ϕp,B) ∩ H+. Since g(u, v) ∈
W 1,p(Ω) and g(u, v)|∂Ω = 0, it follows that (g(u, v), g(u, v)|∂Ω) = (g(u, v),0) ∈ D(ϕp,∞).
Since h(u, v) ∈ W 1,p(Ω) and h(u, v)|∂Ω = v|∂Ω , it follows that (h(u, v),h(u, v)|∂Ω) =
(h(u, v), v|∂Ω) ∈ D(ϕp,B) and∫
∂Ω
B
(
x,h(u, v)
)
dμ =
∫
∂Ω
B(x, v) dμ. (26)
Proceeding as in the proof of part (a) in Theorem 3.4 and using (26), we obtain that
ϕp,∞
(
g(u, v),0)
)+ ϕp,B(h(u, v),h(u, v)|∂Ω) ϕp,∞(u,0)+ ϕp,B(v, v|∂Ω).
This inequality implies that Sp,∞  Sp,B .
(b) We show that Sp,B  Sp,0.
Let (u,u|∂Ω) ∈ D(ϕp,B) and (v, v|∂Ω) ∈ D(ϕp,0)∩H+. Then∫
∂Ω
B
(
x,g(u, v)
)
dμ =
∫
{v>|u|}
B(x,u)dμ +
∫
{v|u|}
B
(
x,
1
2
(u+ v · signu)
)
dμ. (27)
Moreover,∫
{v|u|}
B
(
x,
1
2
(u+ v · signu)
)
dμ
=
∫
{vu,u0}
B
(
x,
1
2
(u+ v)
)
dμ+
∫
{v−u,u<0}
B
(
x,
1
2
(u− v)
)
dμ

∫
{vu,u0}
B(x,u)dμ +
∫
{v−u,u<0}
B(x,u)dμ

∫
{v|u|}
B(x,u)dμ. (28)
It follows from (27) and (28) that∫
∂Ω
B
(
x,g(u, v)
)
dμ
∫
∂Ω
B(x,u)dμ < ∞. (29)
This shows that (g(u, v), g(u, v)|∂Ω) ∈ D(ϕp,B).
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D(ϕp,0).
Proceeding as in the proof of order preserving (for the terms involving gradients) in Theo-
rem 3.4 and using (29), we obtain that
ϕp,B
(
g(u, v), g(u, v)|∂Ω
)+ ϕp,0(h(u, v),h(u, v)|∂Ω) ϕp,B(u,u|∂Ω)+ ϕp,0(v, v|∂Ω).
This inequality implies that Sp,B  Sp,0 and the proof is complete. 
To finish this section, we prove some more general domination result.
Theorem 4.2. Let B1,B2 : ∂Ω × R→ [0,+∞] and b satisfy all the assumptions in (H). For
σ -a.e. x ∈ ∂Ω , let the maximal monotone graphs β1(x, ·) and β2(x, ·) be respectively the sub-
differentials ∂B1(x, ·) and ∂B2(x, ·) of the proper, convex, lower semicontinuous functionals
B1(x, ·) and B2(x, ·). Let 1 < p < ∞. Assume that for all h, k ∈R with 0 k  |h|, one has
B1
(
x, k · sgn(h))+ B2(x, |h|) B1(x,h)+ B2(x, k), for σ -a.e. x ∈ ∂Ω. (30)
Then Sp,B1  Sp,B2 .
Proof. As in the proof of Theorem 4.1, we let H := L2(Ω) × L2(∂Ω,dμ) and we denote by
H+ the positive cone in H. Moreover, for u,v ∈ L2(Ω) we set
g(u, v) := 1
2
(
u+ (|u| ∧ v) · signu) and h(u, v) := 1
2
(
v + |u| ∨ v).
Let 1 < p < ∞. Then for all u,v ∈ W 1,p(Ω), one has g(u, v),h(u, v) ∈ W 1,p(Ω).
Assume that (30) holds. Let (u,u|∂Ω) ∈ D(ϕp,B1) and (v, v|∂Ω) ∈ D(ϕp,B2) ∩H+. Proceed-
ing as in (27) and (28) we obtain that∫
∂Ω
B1
(
x,g(u, v)
)
dμ
∫
∂Ω
B1(x,u) dμ < ∞. (31)
Hence, (g(u, v), g(u, v)|∂Ω) ∈ D(ϕp,B1). Note that (30) implies that∫
∂Ω
B2
(
x, |u|)dμ ∫
∂Ω
B1(x,u) dμ < ∞. (32)
Using (32), we obtain that∫
∂Ω
B2
(
x,h(u, v)
)
dμ =
∫
{v>|u|}
B2(x, v) dμ+
∫
{v|u|}
B2
(
x,
1
2
(
v + |u|))dμ

∫
{v>|u|}
B2(x, v) dμ+ 12
∫
{v|u|}
(
B2(x, v)+ B2
(
x, |u|))dμ

∫
{v>|u|}
B2(x, v) dμ+ 12
∫
{v|u|}
(
B2(x, v)+ B1(x,u)
)
dμ

∫ (
B2(x, v)+B1(x,u)
)
dμ < ∞.∂Ω
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we obtain that∫
Ω
a
∣∣∇g(u, v)∣∣p dx + ∫
Ω
a
∣∣∇h(u, v)∣∣p dx  ∫
Ω
a|∇u|p dx +
∫
Ω
a|∇v|p dx. (33)
Moreover,∫
∂Ω
B1
(
x,g(u, v)
)
dμ =
∫
{v>|u|}
B1(x,u) dμ+
∫
{v|u|}
B
(
x,
1
2
(u+ v · signu)
)
dμ

∫
{v>|u|}
B1(x,u) dμ+ 12
∫
{v|u|}
(
B1(x,u) +B1(x, v · sgnu)
)
dμ,
(34)
and ∫
∂Ω
B2
(
x,h(u, v)
)
dμ =
∫
{v>|u|}
B2(x, v) dμ+
∫
{v|u|}
B2
(
x,
1
2
(
v + |u|))dμ

∫
{v>|u|}
B2(x, v) dμ+ 12
∫
{v|u|}
(
B2(x, v)+B2
(
x, |u|))dμ. (35)
It follows from (34) and (35) that,∫
∂Ω
B1
(
x,g(u, v)
)
dμ+
∫
∂Ω
B2
(
x,h(u, v)
)
dμ

∫
{v>|u|}
(
B1(x,u) +B2(x, v)
)
dμ+ 1
2
∫
{v|u|}
(
B1(x,u) +B2(x, v)
)
dμ
+ 1
2
∫
{v|u|}
(
B1(x, v · signu)+ B2
(
x, |u|))dμ

∫
{v>|u|}
(
B1(x,u) +B2(x, v)
)
dμ+ 1
2
∫
{v|u|}
(
B1(x,u) +B2(x, v)
)
dμ
+ 1
2
∫
{v|u|}
(
B1(x,u)+ B2(x, v)
)
dμ

∫
∂Ω
B1(x,u) dσ +
∫
∂Ω
B2(x, v) dμ, (36)
where we have used the condition (30). Finally, it follows from (33) and (36) that,
ϕp,B1
(
g(u, v), g(u, v)|∂Ω
)+ ϕp,B2(h(u, v),h(u, v)|∂Ω)
 ϕp,B1(u,u|∂Ω)+ ϕp,B2(v, v|∂Ω).
Hence, Sp,B1  Sp,B2 . 
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